We determine in almost all Manhattan lattices configurations, which for specified diameter have maximal cardinality. Cases, in which those configurations are spheres, have been studied recently by Kleitman and Fellows.
Introduction
In a finite metric space (F, #) a (discrete) diametrical problem concerns a question like "How large can a subset A of F with #(a, a I) <_ 5 for all a, a I E A be and what are the optimal configurations?"
For systems of subsets with the union function d V or binary sequences with the Hamming distance dH the diametrical problems have been solved by Katona [3] and Kleitman [4] , respectively. Actually, it was observed in [1] that these two problems are equivalent. There are several notions of distanceg.,for general alphabets, which generalize the Hamming distance in the binary case. One of them is the Taxi metric (also called Manhattan metric or Ll-metric by some authors) 5 r, which for a sequence n space ~ (V n) = 1-I 2/-ri with components s = (1, 2,..., "~i} assigns to two sequences i=l a n --(al .... , an) and b n -= (bl,.. , bn) the distance a maximM sized subset ofN (3`n) with radius r has also the maxima/possible size among subsets ofN (3`n) with diameter 2r.
Roughly speaking this result covers a quarter of the possibilities, because the cases where (1.4) is violated or the diameter is odd are not included.
With some new ideas we reduced the number of unsolved cases substantially. In particular in the important stationary case ~'1 = 3'2 .....
3`n we have an essentially complete solution. The specific results are presented in Theorems 1,... , 6 .
The following special spaces are important in our analysis. We write alphabets with an aDv number of elements in the form (1.5) x~ = {-a,...,-1,0,1,...,a} and for any sequence of positive integers a n = (al,..., an) we call X (a n) = X~ 1 x ... x 3:'~ Similarly, alphabets with an ~.v~.N number of elements are written in
and for any sequence of non-negative integers fin = (ill,..-, fin) we call
the tn-space. Finally, we call the "mixed" case X (a t) x Y (t m) the a t -fro-space. We are mainly interested in determining the quantity
For C(d, a n, fl O) and C(d, a O, fin) we use abbreviations C(d, a n) and C(d, fin), resp. For a n 9 X (d) x Y (t m) we define the weight by the distance from the origin O = (0,...,0), that is, (1.10) Ilanll = ~ (a n, O).
At the end of the paper we present a result for Hamming metrics.
an-spaces
We introduce the Taxi sphere around the origin (2.1) S(T; a n) = {x n 9 x (an): Ilxnll < T} and denote its cardinality by N(r; an). We begin with our simplest result.
Theorem 1. C(2r, a n) = N(r; an).
Thus the sphere with center at the origin is an optimal configuration, if d = 2r is even.
For the proof we need two kinds of auxiliary results.
Numeric relations
Let M(k; a n) be the number of integral solutions of the equation
Lemm~ 1. For a n = al a n-1 -(al,..., an) we have al (1) N(r;a n)= Z N(r-[i[;a n-1
i(k; a n) = Z M(k -j; a n-i) j=o n and with the abbrevation a* = 89 ~ ai
M(k; a n) <_ M(k'; a n) ir ]k -a*l _> Ik' -a*E.
In the stationary case al = a2 ..... an (n > 2) here strict inequality holds iff lk -a *T > lk' -a *l.
Proof. (1) and (2) are obviously true. We prove (3) by induction. For n = 1 (3) is true. In case n = 2 we have k+ 1 for 0 < k < 01
M(k; a 2) = 01 + 1 for 01 ~ k _< 02 a 1 + a 2 --k q-1 for 02 < k < a 1 q-a2, where 81 ---min(al, a2) and 82 --max(al, a2).
Therefore all claims are justified for n = 2. Next notice that
In case k = k / this is obvious and in case k -a* = a* -k r it follows from the fact 
and the result follows inductively, because
Here the last inequality holds, because k _> 89 ~ c~i implies i=1 1 n 1 n
Pushing to the Center We define an order "<c" in Xa by (2.6) x<cyiffeitherlxl<lyl or Ixl=lyl and x>0, y<0
and an order "_<c" in X" (a n) by (2.7)
x n<-cyn iff xi<_cyi for i=l,2,...,n.
By means of this order we introduce the "pushing to the center operator" P as follows:
For any set A C X (a n) and any x~ = (Xl,. If PjA = A for all j, then we say that A is a c-down set. It is easy to verify the following important fact.
LemmA 2. Every A C Z (a n) can be pushed into a c-downset A p such that
D(A) >_ D(A').
Proof of Theorem 1.
The key idea in our proof is the use of the fact:
Ilxn]l-]lynl] = 0 (mod 2) implies :7 (x n, yn) = 0 (mod 2).
We proceed by induction on n. The case n = 1 being trivial, let now a n = (tlO~ n-1 and let A CX(a n ) satisfy D(A) <_ 2r. By Lemma 2 we can assume that Ais a c-downset. Therefore we have (2.10)
AuCAv, if u>cv, if Au = {x n-1 : ux n-1 E A}~ and for every non-negative integer we have (2.11) A_~ C A e. Consider now the sets (2.12)
and define (2.14)
A*_ e=A_ 0UA 0, A;=A0\A 0=A_oUA~. We then have (2.15)
D(A*e) = max{D(A_e) , D(A~ E(A_o,A~
where here and elsewhere we define We shall show next that (2.16) For this notice that for
E(U,V)= max :7(u,v). uEU, vEV D(A*o) <_ 2(r-8). a n-l, b n-1 E A-t~ C A~ and xn-1 yn-1 E A 0
the following sequences are in the set A:
From the fact D(A) <_ 2r we obtain therefore the inequalities (2.17) :7 (a n-l, bn-1), :7 (a n-1 , x n-l) ~_ 2(r -8) and
However, since IIxn-lII and ]]yn--li] are odd, by (2.9) :7 (xn-l,y n-l) must be even.
This shows that actually
This, (2.17) and (2.15) imply (2.16).
Similarly, we can prove that
By the induction hypothesis and (1) in Lemma 1 we conclude our proof with c~l c~1 ~1
IAI= E ]Aul= E IAu] <-E N(r-lu];an-1)=N(r;an)"
U=--al
We address now the case of an ODD diameter. Again we present a complete solution for an-spaces.
For this we introduce suitable "2-half-spheres". Ford=2r+landa n=an-lanwithal_>ai fori=2,...,nweset S*(d/2;a n) = {xn : x, <_ 0 and llxnll _< roRx I > 0 and IIxnH <_ r + l}. 
The proof has now two more ingredients, namely, a metric Y* associated with J and a "pushing from left to plus" operator (and their interplay).
The metric Y* We introduce J* :fl(a n) X fl (Or n) --+ R-t-by Three basic facts are readily verified.
Lemm~ 3.
(
) D*(.AA(A)) ---D(A) for a c-down set A C flY(an), wheredgt(A) is the set of c-maximal elements in A.

Pushing Left to Plus
We can assume that a 1 _> a 2 _> ... _> an. The operator below is based on the mapping ~ : Xan-1 • Xan --+ fla~-I X fla~ defined by
otherwise.
It can be used to define for any A C fl (a n) a mapping r : A -+ X (a n) by a n if an > 0 and an-2~(an_l, an) 9 A
We also write r = {r a n 9 A}.
For any set B C X (a n) we introduce the associated c-downset ~ (B) = {x n : 3b n c B with x n <c bn } 9
Now we define the "pushing left to plus" operator Q(= Qn-l,n) by
We summarize further properties, which follow immediately from the definitions.
Lemm~ 5. For a c-downset A D(QA) < D(A).
Proof. By (3) in Lemma 3
*(r and since A is a c-downset also D(A) = D*(A).
It suffices therefore to show that D*(r _< D*(A) or that
In the case that r n) = a n, r n) = b n, which includes the case an <_ 0, bn <_ 0, this is of course true. In the case an < O, bn > 0 we notice that r does not increase I1" I[ and only in the case that bn-1 >0 r may decrease I{i : ai > O, bi > 0}1, but by at most 1. Furthermore, in the case bn-1 > O, bn > 0 we have IIr = Ilbnll-1. Therefore by (1) in Lemma 3 we obtain (2.28) J*(r r < J*(a n, b n) and thus (2.27).
The case an > O, bn <_ 0 being symmetrically the same, we are left with the case an > O, bn > 0 and (again by symmetry) r n) ~ b n. We devide this into two subcases.
Subcase r n) r an:
We establish (2.27) by verifying :7*(r r --27"(a n, b n) with the following table for J*(a n, b n) -J*(a n-2, b n-2) and J (r d)(bn)) -J*(a n-2, bn-2) :
Subcase r n) = an:
Here necessarily 5n = an-2~O(an_l, an) E A.
We can easily verify Y*(r r = y*(Sn, b n) by the next table for Y* (0(an), r -Y*(a n-2, b n-2) and y*(5n, b n) _ y*(an-2 bn-2) :
Proof of Theorem 2
We proceed by induction on n. The case n --1 is clear. By Lemmas 3, 4 and 5 we can assume that A is a c-downset with the property 
d -/3m-spaces
Recall the definition ofX (d) x Y (/3 m) and of C(d, a t, ~3 m) in the Introduction.
We always assume that n = g + m.
The spheres introduced in (2.1) can be generalized to (3.1)
S(r;d,~ m) = {x n eX(~ t) • Y 03m): ]]xn][ < r},
where r is a non-negative real number.
Theorem 3. In the case (3.2) we have 
Bj(I)= {x n Ex(a t) xy(t m):xi >O,xj
For any J, I by (3.3) we also know that [[yn[[ _< d -s for all yn E B(IC(J)) M A.
We can therefore by 
[Bj(I) M A[ + IBj(IC(j)) M A[ < Z M(k; r [Jl+m) -4-Z M(k;riJl+m), O<_k<p
O<k<q-p 
We check the difference between two neighbours: 
Comparing this with condition (3.1) we notice that Theorem KF together with Theorem 3 still leave out some values for d. The gap increases with ~.
~3n-spaces
For fin-spaces the previous general results can be refined. Proof. By Theorem 3 it suffices to present a configuration reaching the bound in (4.2) and to prove (4.3) in the case d -n is odd. The latter can be done in the same way as in the proof of the uniqueness part in Theorem 3. So we just have to find the optimal configuration in the case d-n is odd. Actually in the proof of Theorem 3 we have also given a construction for a set A. It only remains to be seen that D(A) <_ d.
In the construction the weight of the elements is at most [d-~l + ~ d__ef r* and if two elements x n E B(I), yn e B(I') have both weight r*, then I ~ {1, 2,..., n} -I'.
Therefore E (x n, yn) < 2r* -1 = d.
We draw now attention to the fact that Kleitman and Fellows In the first case the centers are lattice points and in the second case they are not. The following result show that the uniqueness result in Theorem 3 can be improved in so far as the lower bound condition on d can be weakened. For this we consider the simplest an-spaces, namely X~. I{I: x n 9 D(I)}J = 2 n-k.
For fixed I define s = max{HxnH: x n 9 Ar D(I)} I. We prove it in two steps.
Step 1" We show that
for s> 5 and ld<n<3-d Step 2: It remains to be seen that What can be said about the diametrical problem for this metric, that is, about the function b n n dH(a n, b n) < d for all a n, 9 A}? HT(n,d ) = max(Iat : a Cs We announce here without proof a result for "big values" of n. For ~/= 2 this is a well-known result. As explained in [1] it is to be attributed to Kleitman [3] and to Katona [4] . Their methods can be generalized to yield our result. Whereas the optimal configuration in the case n _< ~f -1 + d is a cylinder it is a sphere for n :> ((~ -1) d-1 + d.
Examples show that for some middle n's both configurations are not optimal.
We suggest a mixture of cylinder and sphere as a candidate for an optimal configuration with diameter d: CS(n, m, d) = {a n = a d-2m . a n-d+2m C J~ : dH(a n--d+2m, O) ~ rrt}.
This becomes a cylinder when m = 0 and a sphere when d-2m = 0. The cardinality of this configuration is i i=0 It can be maximized over m C {0,..., r_}.
